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EIGENVALUES OF THE ANTIPLANE-SHEAR
CRACK PROBLEM FOR A POWER-LAW MATERIAL

L. V. Stepanova UDC 539.376

This paper discusses the problem of finding the eigenvalue spectrum in determining the stress and
strain fields at the tip of an antiplane-shear crack in a power-law material. It is shown that the
perturbation method provides an analytical dependence of the eigenvalue on the material nonlinearity
parameter and the eigenvalue of the linear problem. Thus, it is possible to find the entire spectrum
of eigenvalues and not only the eigenvalue of the Hutchinson—Rice—Rosengren problem.
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1. Problem of Determining Eigenvalues in Nonlinear Fracture Mechanics. In modern nonlinear
fracture mechanics, eigenvalue problems often arises in studies of crack-tip stress—strain fields in materials with
nonlinear constitutive equations. For example, in studies of the stress and strain (strain rate) fields in a material
with power-law constitutive relations (power-law nonlinear elastic strain, power-law plastic strain hardening law, the
Bailey—Norton law of steady-state creep theory) using the eigenfunction expansion method, it is necessary to solve
systems of nonlinear ordinary differential equations with the boundary conditions of no surface loads at the crack
faces and symmetry conditions at the crack extension. It should be noted that the resulting system of nonlinear
ordinary differential equations contains a parameter (eigenvalue) which needs to be determined in order to find a
nontrivial solution of the system of ordinary differential equations that satisfies the indicated boundary conditions.
In nonlinear fracture mechanics, one eigenvalue of the Hutchinson-Rice-Rosengren problem is known [1, 2]. In a
material hardening according to the power law

eij = (3/2)Bol ™ bsyj, (1.1)

where €;; are the strain tensor components, s;; are the stress deviator components; o, is the stress intensity, B is
a material constant determined experimentally, and n is the material nonlinearity parameter, the crack-tip stress
field is represented as

0ij(r,0) = (J/(BL,r))" "™ 5,;(0,n). (1.2)

Here J is the invariant integral of nonlinear fracture mechanics [3], I,, is the dimensionless J-integral, and &;; (6, n) is
the universal angular stress distribution determined by solving the boundary-value problem. Relations (1.2) rep-
resent the classical Hutchinson—Rice-Rosengren stress distribution at a crack tip in a material with the power-law
constitutive relations (1.1).

The interest of researchers has, for a long time, focused on constructing higher-order approximations in
asymptotic expansions of the stress and strain fields at a crack tip from the specified main term of the asymptotic
expansion — the Hutchinson—Rice-Rosengren solution [4-10]. At present, however, it seems urgent to find the
entire eigenvalue spectrum. Thus, in the problem of small-scale plastic flow with an asymptotic boundary condition
at an infinitely distant point, it is necessary to study the asymptotic behavior of the far stress field more carefully
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and, hence, to determine the other eigenvalues in eigenfunction expansions of stresses (see [11]). Stepanova and
Fedina [12] undertook an attempt to determine eigenvalues different from the eigenvalue of the Hutchinson-Rice-
Rosengren problem for various values of the nonlinearity parameter. This was done using a numerical method for
determining eigenvalues (the Runge-Kutta—Fel’berg method) in combination with a shooting method. In this case,
the shooting is one-parametric and eigenvalues are easily determined.

Lu and Lee [13] studied the eigenvalue spectrum of the problem of extension of a space with a semi-infinite
crack in a power-law material. As is shown in [13], it is insufficient to find one eigenvalue and higher-order approx-
imations of the Hutchinson—-Rice-Rosengren problem [4]. It should be noted that, from a mathematical point of
view, the problems of opening mode and transverse shear cracks are more complex. In [13], eigenvalues are found
numerically only for some exponents of the power law (n = 3, 5).

In the present work, it is shown analytical dependences of eigenvalues on the material nonlinearity parameter
and the eigenvalue of the linear problem can be found using perturbation methods.

2. Formulation of the Problem. Basic Equations. We consider an antiplane-shear crack in a material
with the power-law constitutive relations

Yoo = (3/2)BT ey e = (3/2)BT T s, 72 =3(T + 75, (2.1)

where 7, is the tangential stress intensity. In polar coordinates with pole at the crack tip, the equilibrium equation
and the strain compatibility condition are written as

0 87’92 _ 0 o 87722
g (r7ey) + 50 0, o (rye.) = 50 (2.2)

Here and below, it is assumed that the stress and strain tensor components are normalized to 7y and g, respectively
(70 is the limit of proportionality of the material if the constitutive relations considered describe nonlinear elastic
or plastic strain in terms of plastic strain theory; ~p is the strain intensity corresponding to 79).

We introduce the stress function

1 ®(r,0) od(r,0)
- T, = — )
roog " or
to satisfy the equilibrium equation identically. The strain compatibility condition implies a nonlinear partial dif-
ferential equation for the function ®(r,d). As is known, the use of power-law stress—strain relations leads to the
separation of the variables r and 6; therefore, the solution of the problem is sought in the form

B(r,0) = r*f(0) +... . (2.4)

(2.3)

Trz =

The stress tensor components become
Tl'j(T, 9) = ’I“Silﬂ'j(o) +....

Substitution of (2.4) into (2.3), (2.1) and into the compatibility condition [the second equation of system (2.2)]
yields the nonlinear ordinary differential equation for the function f(6):

f"(nf? + s f2) + f(CLf? + Caf?) = 0. (2.5)
Here C; = s(n —1)(2s — 1) + 5% and Cy = s3(n — 1)(s — 1) + s*.
Equation (2.5) with the boundary conditions

7, =0 (2.6)

defines the nonlinear eigenvalue problem: to find the value of the parameter s for which problem (2.5), (2.6) has a
nontrivial solution.

3. Eigenvalues. The analytical expression for the eigenvalue s as a function of the material nonlinearity
parameter n and the eigenvalue so of the unperturbed linear problem (n = 1) can be found using the representation

s =50+ ¢, (3'1)

where ¢ is the deviation of the eigenvalue s from the eigenvalue sg under a change in n.
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To estimate the effect of the change in n on the eigenvalue s, we represent the material nonlinearity parameter
and the required function in the form

n=1+en +e*na+...; (3.2)

F(0) = fo(0) +£f1(0) +°f2(0) + ..., (3.3)

where fo(f) is the solution of the linear problem (n = 1).
Substituting (3.1)—(3.3) into (2.5) and collecting the coefficients of the same powers of the small parameter ¢,
we obtain the following system of inhomogeneous linear ordinary differential equations for the functions fo (), f1(6),

f2(0), ...
o+ 50fo = 0; (3.4)

7+ s5f1 = —so[ni(so — 1) + 2] fo;

5+ s0fo = —[(nafg? + fO) fo + (CLf* + C3 ) fol /5 - (3.5)
Here C? = nasg — 1+ 3n1s0 + sonz2(so — 1) and C3 = s3[na(sg — 1) + n4].
The solution of Eq. (3.4) that satisfies the boundary conditions fp|g=+ = 0 has the form
fo(8) = Acos so8, so =m/2, m==+1,43,+5,... (3.6)
or
fo(0) = Bsin sob, so =m/2, m=0,£2,+4,... .

Using the solution obtained for the function fo(6), one can successively find the functions fi(6), f2(0), ... .
Thus, we have the following boundary-value problem for determining the function f;(6):

1+ sof1 = —so[n1(s0 — 1) + 2] fo; (3.7)

h|,_, =0 (3.8)

Since the corresponding homogeneous problem has a nontrivial solution, to solve the inhomogeneous problem, we
need to find a certain solvability condition which will allow us to determine the coefficients nj, of expansion (3.2).

4. Solvability Condition. It should be noted that in the use of perturbation methods, sets of problems
arise which should be solved successively [14]. In this case, the first-order problem is usually homogeneous whereas
higher-order problems are inhomogeneous but linear. If the corresponding homogeneous problem has a nontrivial
solution, the inhomogeneous problem has no solution if the corresponding solvability condition is not satisfied.

Let us consider the boundary-value problem for the inhomogeneous linear ordinary differential equation of
the second order

p2(x)y” + pr(@)y’ +po(z)y =g(z), a<z<b (4.1)

o11y'(a) + cazy(a) + a13y’(b) + onay(b) = B1, a1y’ (a) + azy(a) + aosy’(b) + a2ay(b) = Pa, (4.2)

where the boundary operators are linearly independent, i.e., the matrix

arp G2 (3 Qa4
Q21 Q22 (23 (g4

has rank 2, and, hence, there is at least one nondegenerate matrix of size 2 x 2. Thus, at least one of the determinants

arr 02 Q11 0q3 arr Qg
All - ) Alg - ) A14 - )

Q21 (22 Q21 Q23 Q21 Q24

Q12 (013 Q12 (14 Q13 Q14
A23 = ) A24 = ) A34 =

Qg (23 Q2o Q4 Q23 Q4

is different from zero.
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Generally, the boundary conditions may be mixed (or unseparated), i.e., they may contain the values of the
required function and its derivative at the ends of the segment [a, b]. Taking into account the boundary conditions
of the examined problem (3.8), we consider the case where the determinant Agy # 0. Solution of Egs. (4.2) for y(a)
and y(b) yields

y(a) = vy’ (a) + 72y’ (b) + 61, y(b) = y219'(a) + v22y' (b) + 02, (4.3)

where
Aqy Asy AN Ag3

1= —F7" > V2= "7 V21 = 7 V2= —"%x >
Aoy Aoy Aoy Aoy

6 = 510424 - 520614 by = 520412 - 510622
Aoy ’ Aoy '

To find the solvability condition for the general case, we consider a conjugate problem. We multiply Eq. (4.1)
by the function u(z), which is called the conjugate solution to be determined. As a result, we obtain
pouy” + pruy’ + pouy = gu,  a <z <b.
Term-by-term integration of this relation from a to b yields
b b b b

/pzuy” dx + /pluy’ dzr + /pouy dx = /gu dx.

a a a a
Next, integrating the first two terms by parts and performing some transformations, we have
b

Z: /gudx. (4.4)

a

b
/[pw” + (20 — p)u’ + (py — P} + po)uly dx + {pauy’ + [(p1 — py)u — pau'ly}

Setting the integrand on the left of the last equality to zero, we obtain the following differential equation for the
function w:

pou’ + (2py — p1)u’ + (P — pi + po)u = 0; (4.5)

it is usually called conjugate with respect to the homogeneous equation (4.1). The homogeneous differential equation
corresponding to (4.1) is called self-conjugate if it coincides with the equation conjugate to it (4.5). These equations
coincide if the equalities 2p, — p1 = p1, p§ — pj = 0 or p; = p), are valid. In this case, the homogeneous equation
corresponding to (4.1) has the form

P2y + phy’ + poy = 0.

To determine the boundary conditions required to close the conjugate problem, we consider the homogeneous
problem that corresponds to (4.1), (4.2). Then, relation (4.4) becomes (in the case of a self-conjugate equation)
/ !/ z=b
{p2[uy’ —u'yl}| =0

r=a

Using equality (4.3), the last relation can be brought to the form

[—y2102(D)u (b) — p2(a)u(a) + y11p2(a)u’(a)]y’(a)

+ [p2(b)u(b) — y22p2(b)u’ (b) + Y12p2(a)u’(a)]y' (b) = 0.
We choose the boundary conditions of the conjugate problem in such a manner that each coefficient at 3'(a)
and y'(b) vanishes:
pa(a)u(a) — yi1p2(a)u’(a) +y21p2(b)u’ (b) = 0,
, , (4.6)
p2(b)u(b) + 712p2(a)u’(a) — Y22p2(b)u’(b) = 0.
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Thus, the function u is a solution of the boundary-value problem for the equation
pau’ + pyu’ + pou =0 (4.7)
with boundary conditions (4.6).
Having formulated the conjugate problem, we return to the initial inhomogeneous problem (4.1), (4.2) and
find a solvability condition for it. Since the function u satisfies Eq. (4.7), expression (4.4) becomes
b

z=b
= / gudx.
r=a

a

{paluy’ — u'y]}

Since the solution of the conjugate boundary-value problem u satisfies boundary conditions (4.2), the last
relation can be written as
b

d1pa(a)u’ (a) — Sapa(b)u’(b) = /gu dz. (4.8)

Equality (4.8) is the required solvability condition, where u is a solution of the conjugate boundary-value problem.

5. Solvability Condition of Problem (3.7), (3.8). Returning to the boundary-value problem for the
inhomogeneous linear ordinary differential equation (3.7), whose solution should satisfy boundary conditions (3.8),
it is easy to establish that this equation is self-conjugate since, in this case, p2 = 1, p1 = 0, and p} = p1, and the
solvability condition is formulated as follows:

s

/gu df = 0. (5.1)

—T

Here g is the right side of Eq. (3.7):
9(0) = —S()[Tll(S() — 1) + Z]f()(o),

the function w is the conjugate solution coincident with the function fo(#). For odd numbers m, the function fo(6) is
given by relation (3.6). In this case, the conjugate solution has the form
u = cos sof. (5.2)
It can be shown by simple calculations that the solvability condition is satisfied only by choosing the coeffi-
cient ny = —2/(sp — 1).
Similarly, for the function f2(#), it can concluded that the solvability condition (5.1) and the conjugate
solution (5.2) have the same form. In this case, it is necessary to set

9(0) = ~[(n2fg® + f)fg + (CLf + C3f5) fol /s3-
Performing necessary calculations, we establish that the solvability condition is satisfied only for ny = (4sg —

1)/(s0(so —1)?).

Generalization of the results for an arbitrary coefficient ny leads to

S0 € k 1 > € k s s
S () R E (e
" +80—1Z S0 — S SO—IZ sog— 1 s—8, s—1

k=1 k=1

where s, = s2/(2s9 — 1).

Solving the obtained equation for s, we find the dependence of the eigenvalue on the material nonlinearity
parameter n and the eigenvalue of the linear problem sq:
~ n(sg+2s0— 1)+ (so — 1)? n VIn(s2 +2s0 — 1) + (so — 1)2]2 — 4n2s3(2s9 — 1)
N 2n(2s0 — 1) 2n(2s9 — 1)

In the case sg = 1/2, the asymptotic expansion for the material nonlinearity parameter becomes

oo

1 € k S
:1— (— ) = -,
" so—lz so—1 s—1

k=1
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whence we obtain the well-known dependence of the eigenvalue on the nonlinearity parameter that corresponds to
the Hutchinson—-Rice-Rosengren solution:

s=n/(n+1).

Conclusions. A method based on perturbation theory was proposed to determine the eigenvalues of the
antiplane shear crack problem in a power-law material. It should be noted that the perturbation method for
determining the eigenvalues of the crack problem was used in [15], where expressions for the expansion coefficients
ny, were derived by eliminating the secular terms in solutions of equations for the function f;. However, the presence
of secular terms in the solution of the problem studied is not a contradiction because the solution is sought on the
finite segment [—m, 7] and not on the semi-infinite interval (as is known from perturbation theory, exactly the
presence of an infinite region is responsible for the occurrence of nonuniformly suitable expansions — in this case,
expansions having secular terms). The second reason for addressing this problem is that the approach developed
in [15] cannot be extended to the case of mathematically more complex problems of opening mode and transverse
shear cracks. Studies of these mode of loading of cracked solids have shown that the corresponding problems include
secular terms of two kinds, whose elimination results in two equations for one unknown quantity ny in the k-th
step. The approach presented in this paper is free from these drawbacks and can be used to solve opening-mode
and transverse-shear crack problems.

This work was supported by the Russian Foundation for Basic Research (Grant No. 06-08-01059).

REFERENCES

1. J. W. Hutchinson, “Singular behavior at the end of tensile crack in a hardening material,” J. Mech. Phys.
Solids, 16, 13—-31 (1968).

2. J. R. Rice and G. F. Rosengren, “Plane strain deformation near a crack tip in a power-law hardening material,”
J. Mech. Phys. Solids, 16, 1-12 (1968).

3. J. R. Rice, “A path independent integral and the approximate analysis of strain concentration by notches and
cracks,” Trans. ASME, Ser E: J. Appl. Mech., 34, 287298 (1967).

4. S. Yang, F. G. Yuan, and X. Cai, “Higher order asymptotic elastic-plastic crack-tip fields under antiplane
shear,” Eng. Fracture Mech., 54, No. 3, 405-422 (1996).

5. Y. J. Chao, X. K. Zhu, and L. Zhang, “Higher-order asymptotic crack-tip fields in a power-law creeping
material,” Int. J. Solids Struct., 38, No. 21, 3853-3875 (2001).

6. Y. Chao and S. Yang, “Higher order crack tip field and its application for fracture of solids under mode II
conditions,” Eng. Fracture Mech., 54, No. 3, 405-422 (1996).

7. L. Xia, T. C. Wang, C. F. Shih, “Higher-order analysis of crack tip fields in elastic power-law hardening
material,” J. Mech. Phys. Solids, 41, No. 4, 665-687 (1993).

8. S. Yang, Y. J. Chao, and M. A. Sutton, “Higher order asymptotic crack tip fields in a power-law hardening
material,” Eng. Fracture Mech., 45, No. 1, 1-20 (1993).

9. G. P. Nikishkov, “An algorithm and a computer program for the three-term asymptotic expansion of elastic-
plastic crack tip stress and displacement fields,” Eng. Fracture Mech., 50, No. 1, 65-83 (1995).

10. B. N. Nguyen, P. R. Onck, and E. Van Der Giessen, “On higher-order crack-tip fields in creeping solids,” Trans.
ASME, Ser. E: J. Appl. Mech., 67, No. 2, 372-382 (2000).

11. C. Y. Hui and A. Ruina, “Why K7 High order singularities and small scale yielding,” Int. J. Fracture, 72,
97-120 (1995).

12. L. V. Stepanova and M. E. Fedina, “On the geometry of the completely damaged material region at the
antiplane-shear crack tip in the conjugate formulation of the problem (creep-damage coupling),” Vestn. Sam.
Gos. Univ., No. 2, 87-113 (2001).

13. M. Lu and S. B. Lee, “Eigenspectra and order of singularity at a crack tip for a power-law creeping medium,”
Int. J. Fracture, 92, 55—70 (1998).

14. A. H. Nayfeh, Introduction to Perturbation Techniques, Wiley. New York, (1984).

15. M. Anheuser and D. Gross, “Higher order fields at crack and notch tips in power-law materials under longitudinal
shear,” Arch. Appl. Mech., 64, 509-518 (1994).

147




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
    /RUS ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


